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Modern theoretical physies often has problems with complicated algebraic constraints

Scattering Amplhitudes A lot of relations

of polynomial or

Integration-by-Parts reduction for Feynman integrals rational functions

Differential equation for Feynman integral

Usually there are several

Inte g rability parameters,

and we need analytic
result in these parameters.

Bethe Ansatz Equation

New methods of computational method needed

Computational Algebraic Geometry

Singular, Macaulay2, Magma, CoCoAS
Igb, ...



Integration-by-Parts (IBP) reduction
NGW appI‘O aCheS Gluza, Kajda, Kosower 1009.0472

Smaller linear system, even no linear system

|. Baikov representation without “doubled propagators”

/ d’l, / d’l; 1 <( a <1, 1< i.S m Smaller set of target integrals
. . review
II. Feynman representation without “numerators” Roman Lee, arXiv:1405.5616
&1, an 1 C S0 1 <i<m Smaller set of target integrals
/ D)2 / D2 DO D DO Do =0 m<i<k also useful for cases
Not arbitrary 1BP,
Modern IBP reductlon but some IBPs satistying

algebraic constraints

Hopefully o getamuch smaller linear sy syste

Computational Algebraic Geometry!



Baikov representation without “doubled propagators”

Ita 1510.05626
LLarsen and YZ, 1511.01071
When k = LE + L(L + 1)/2, (E i1s the number of independent legs), the GeorgOUdls’ Larsen, YZ, 1612.04252
Baikov rep. 1s Zeng 1702.02335

Cl’Dll leL | D—L—E—1 |
/ imD/2 / imP/2 D ...D* X H (/dxij> det(S) D' .. (D"

| <i<L+E,max{i,E+1}<j<L+E lL.inear function of x’s

k
D—L—E—1 1 L . .
> H (/dzl) det(S) > T Z=Di  Baikovy rep.
i—=1

where {vi,...viypg} =1{ki,.. . kg, l1,. .. [} and x;; =v;-v;. Sisa(L+E) x (L+E)
matrix with §; = x; (Gram matrix).

Griffiths-Dwork
L:2,E: 3,m =7and k= 9. {vl,...,v5} — {kl,kz,k4,ll,lz}.

2 3 / 0 3 5 X111 X21 \
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/)/ \ ? | z(—S — l‘) 5 (SZS— Z3)Zl—|— D) (Zi6_ S)ZS_ 5
* B Z1 2 Z 1 j(_S_ t) Z zg ) 4\ 2 2 217 262 Z7
AN S s A S Bl B NP Sl
\3-3 J@-9-3 -3 -3-%3+%  x )



Baikov representation without “doubled propagators”

R = Q(parameters)|zy, . . . z]

Ce \ P
imD/2 iTtP/2 DY DR DO L DY a; <0, m<i<k

/le1 /leL 1 <1, 1<i<m
A

" —

Just consider IBPs 0= (U/dzl> zk: g <__..det ()7 . lzm>

Polynomials!

Further require F = det(S)

“Affine varieties and Lie algebras of vector fields”

Hauser, Muller 1993

: I
I no shifted exponent: "4, (z) 0 +B(E)F=0 These (a1(2),...a(z)) form a module(d, )= R*.

2. no doubled propagator: ai(z) € (z;), 1<i<m  These (ai(2),...ar(z)) form a module@: Rk,

Both M and M, are pretty simple ...

Y.Z. 1612.02249 M, " M, Intersection of two modules




Logarithmic vector field

k IF D 1s the divisor (hyper-surface) F' = 0,
> 4(z) 5, TBE)F=0 5
i J
= a;(z)=— € Der(log D),
Geometry of the hyper-surface Oz;

J = <§—£, e gi F) is the singular ideal. If J = (1), then D is smooth. In

the smooth case,

e Der(log D) is@ free module>

Quillen—Sushin theorem

* Der(log D) is generated by “principal” syzygies of {g—g, . azk F}.
Example
my my D—6
[dbox cut ngngF 28,29) 2 N(Zg,Zg)
o m2 o F(x,y) =0

Case | m; =mp; =0 reducible curve: two lines plus one conic

. . Case Il | m; 4£0,m =0 deformed elliptic curve
Case Il | m; £0,my #0 elliptic curve




Logarithmic vector field

N Se s e — e — T — T

Case I, one singular point Case I, no singular point

Case I, three singular points

Principal syzygy only

In general, syzygies can be computed by Groebner basis + Schreyer theorem



(Genus of cut surface

D2

planar curve:
(Geometric genus = Arithmetic genus - multiplicity of singular points

=53

Huang, YZ 1304. 2015

All massive diagram

pe6 P3 D2 116 /m
g=1
i | /o O 1 6
P p5 D4 P D5 P3
Numeric algebraic geometry method
Diagram | (D K| o | & @ || Y| | B | o @ &
Gemus | 5 | 5 | 9 | 9 | 9 | 13|13 | 13| 13|17 | 21| 21 | 33
Diagram @ @ \é>) \E>/ @ @ % @
Genus 90 13 17 | 21 290 | 33 | 45 HH

Hauenstein, Huang, Mehta, Y7 1408.3355



Baikov representation without “doubled propagators”

® Svyz for th¢ 7L .  oF
Zaj(z)gf - B(z)F =0 YEYe) @ 82k>
' ]

j=1

ithilator of F* in Weyl algebra.

It F1s a determinant matrix whose elements are free variables, this kind of
syzygy module 1s simple. (Roman Lee’s idea)  http://mathsketches.blogspot.ru/2010/07/blog-post.htmi

ailr  dpp dA1n

dy1 dx Aoy
A= ,

dnl 9% Aun

syzygy generators (lLaplace expansion)

O(det 4
ZCZ]W' ( - ) 5k,i°detA:O

Oaid-

to be used 1n Azurite 2.0.0
Georgoudis, K. Larsen and YZ
to appear fall, 2017

J



Baikov representation without “doubled propagators™, example |

Q(S, f) [Zl, ..

.zg]: 2 parameters, 9 variables

(Kach row 1s a module generator)

Z1 — 2> Z1 — 2>y -S+Z1 -2y 0] 0] 0] Z1 — 2y — Zg + Zg t+z1-2 0]
0] 0] 0] S - Zg + Zg -t - 2Zg + Z9g ~Zg + Zg Z1 -2y - Zg + Zg 0] ~Zg + Z9g
S+2y) — 23 Zy — Z3 Zy — Z3 0] 0] 0] Zy — Z3 + Zy4 — Zg -t +2zy - 23 0]
0] 0] 0] Zyg — Zg t+2z4 - 2Zg —-S + 24 — Zg Zy —Z3 + 24 — Zg 0] Zyg — Zg
~Z1+ Zg -t -2+ 24 S-27Z1+ Zg 0] 0] 0) ~Z1 - 25+ Zg + Zg - Z1 + Zg 0]
MIZ 0 0 0] S - Zs + Zg ~Zc + Zg ~Zc + Zg —Z1-Z5+ Zg + Zg 0) t -z + 2zg
2 2, Z1 + 2>y -S+2Z1 + 23 0] 0] 0] 21— 2Zeg + Z7 Z1 + Z2g 0]
0] 0] 0] S-23-Zg+27 -Zg+27-28 -Z1-2¢+ Z7 Z1-Zg+ Z7 0] ~Zy — Zg + Z7
~Z1-2g+27 —-Z1+2Z7-29 S—-271-2Z4+ 2Z7 0] 0] 0] ~Z1+Zg+ Z7 ~Z1 - Zs5 + Z7 0]
0] 0] 0] ~ S+ Z4 + Zg Zc + Zg 2 Zg ~Z1+Zg+ Z7 0] Zg + Zg
2 3
Zz; O 0 0 06 0 0 0 0
\ / ® z, © 0 0 0 0 0 0
> > W—— ¢ 0] 0] Z3 0] © © © 0 0
© 0 0 z, 06 0 0 0 0
| | )
M= 106 0 0 0 zz 6 0 0 0
~ O —— , © 0 0 0 0 zg O 0 06
/ \4 ® 0 0 06 0 0 z7 0 0
© 0 0 0 06 0 0 1 0
© 0 0 0 06 0 0 0 1
M Y M, found in ~4 seconds, with Singular 4.1.0, intersect(M1,M2,”std”)

Complete IBP reduction in 39 seconds,
(Singular + Mathematica)

Complete IBP reduction in 211 seconds,
tor one-massive-double-box



Baikov representation without “doubled propagators™, example 11

Q(Slz,SB,S14,S23,S24)[Zl, .. .211]: D parameters, 11 variables

Zy -2y z) -2, -s12+2z; -2, -s12-s13+2z; -2 sl4 +2z; -2, -2Zg+ Z19 Z1 -2y - Zg+ Z1p [¢] [¢] -s12-s13-sl14+2z; -2z, 0 [¢]
[0} [0} [0} 0 S1l4+21-25-2Zg+ Z1e Zy-2Z2-2Zg+Z10 $12 +s13 +s14-2g+ 219 -Zg+Z1p [0} -Zg +Z1p s12 - zg+ Z1p
s12 +z; - z3 Zy - 23 Zy - 23 -823+2;-23 s12 + 824 + 2, - Z3 - Zg+ Z11 s12 + 2z, -23-2Zg+ Z11 [¢] [¢] -823-524+25 - 23 0 [¢]
[0} [0} [0} [} S12 +S24 + 2y -2Z3-Zg+ Z11 S12+2zy-23-2Zg+ Z11 S12 +523 +s524-2g+ 211 -Zg+Z11 [0} s12-2zg+2z1; -Zg+Z11
$13 + 523 +23-24 S23 +23-24 Z3 - 24 Z3 - 24 -2s512-s13-514-523-S24+23-Z5+Zg+ Z7+2Zg 29— Z19 - Z11 -S12+ 23 - Z5+ Zg+ Z7+ Zg - Zg — Z19 — Z11 [¢] [¢] $12 +s13 +s14 + 523 +S24 +23-24 [¢] [¢]
PR [0} [0} [0} 0 -2512-513-514-523-S24+23-Z5+Zg+2Z7+2Zg—-2Z9—-Z19-211 -S12+23-Z5s+Zg+2Z7+2Zg-Z9-Z19-211 -2S12-513-5S14-523-5S24+Z4-25+Ze+2Z7+2g—-2Z9-Z10- 211 -S12-513-5S23+2Z4- 25+ Zg+Z7+Zg—Z9 - Z10 - Z11 [0} -S12-S23+24-2Z5+Ze+2Z7+2Zg—-Z9—-Z19- 211 -S12-S13 +2Z4- 25+ Zg+ Z7+Zg—- Z9 - Z10 - Z11
1 — -812-s13-523+24-29 -S12-513-514-5S23+24-29 -S12-513-514-523-524+24-29 Z4 - Zg Zs5 - Zg Zs5 - Zg 0 [¢] Z4 - Zg [¢] 0
[0} [0} [0} [} Zs - Zg Zs - Zg —Z4+Z5-Ze+ Zg S12+513+S23 -2Z4+ 25~ 26+ Zg [0} S12 +S13+514+S23 -2Z4+ 25— Zg + Zg S12+513 +523 +S24-24+ 25 -2+ Zg
22z Z)+ 2y -812 + 2z + 23 -812-513-5S23+21+ 24 -812 -5S13-S23+21+24+2Zg-2Zg~- Zg Z) +Zg - Zg 0 [¢] Zy + Zg [¢] [¢]
[0} o [0} [} -S12-513-523+Z1 + 24+ 2~ 2Zg - Zg Z1+Zg - Zg Zg - Zg - Z9 -Z1+26-Zg [0} -Zy+ 26— Zg S12 -2z +25-23+ 26~ Zg
-Z1+2Zg-2Zg -Z1+Ze - Z10 -Z1+Zg+2Zg-Z19 - Z11 s12 +813+523-2; -24+ 25— 27+ Zg s12 +813+523-21 - 24+ Zs + Zg + Zg -Z1+Zg+ Zg [¢] [¢] -Z)+2¢-27 [¢] [¢]
[0] 0] [0] 0] s12 +s813 +S23-2; - 24+ Zs + Zg + Zg -Z1+Zg+ Zg Z7+2Zg 2 zg [0] Zg + Z10 Zg + Z11
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3 M, O\ M, =7
Open problem for scattering amplitudes

FIRE, reduze, LiteRed cannot find the IBP reduction

for this diagram




Baikov representation without “doubled propagators™, example 11

variant z3 — 0,26 — 0,27 = 0

@(Su, 513,514,523, 524)[2172272472572872972107211]3 D parameters arlables

N
|_l

coooo oo N o
PO OO
coooco oo N oo
cooooNooo
oNcNoNo oo o NONG)
oNcNoNoNoNoNoNoNO)
coooNoooo
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\
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*// > ) M M, —1

5 When the 5 parameters are taken to be numeric (rational number or Z/p),
it 1s a very fast computation for Singular 4.1.0.
3

. . . We are working the reconstruction of I1BP from numeric data (Z/p).
Diagram with a triple cut

(Georgoudis, Larsen and YZ)

symbolic parameter?




FFeynman representation without “numerators” Criffiths.Dwork

dPl dP1 1 SRS | <<
/ 1 / ; ;o % ==" Roman lL.ee, arXiv:1405.5616

itP/2 iWD/zD?“...D%”“Dzﬂl...DZ‘k’ a; =0, m<i<k

\

When a; > 0,1 <i <m, the Feynman rep. 1s

dP1 dPl; ] o[ D el el
/i7TD/2 ”'/iWD/zD?‘1 Dy <11;[1/0 le)G(Z) G

(combined) Symanzik polynomial

L.ooks simpler than the Baikov rep., but less frequently used for the IBP reduction ...

IBP 0= (ﬁ/dzl) f:a%(aj(z)c;(z)—?)

i=1 =1

Only one requirement Zaj(z) oG - B(z)G =0

P 0z; In general,
G 1s not simply a matrix determinant...

* syzygy for the {g—g, o g—g, G}

* Ann(G*), annihilator of G* in Weyl algebra.



FFeynman representation without “numerators”, example

Q(Slz, 513,514,523, S24)[Zl, .. .Zg]l D parameters, 3 variables

G= Z12Zs5+2y2Zs5+232Z5—-S1221 2325+ 24 2Z5—-S122Z71 2Z42Z5—-S13 21 24 2Z5—-S23 271 2Z4 Z5 —S23 Zy Z4 Z5 +
Z1Zg+Zy Zg+Z3Zg—S12 212326+ 2Z42Z6—-S1227242Z¢-S13 21 242 S23 21 Z4 Zg - S23 Zy Z4 Zg +
-
4

N Z1Z7+2Zy9Z7+2Z3Z7-S1221232Z7+2427-S122712427-S132Z12427-S23212427-S232Zy2Z42Z7+
2 Zs Z7-S12 271 2527 -S13 21 Z5 27 - S23 21 Z5 Z7 - S23 Zy Z5 Z7 + Zg Z7 +S12 2y Zg Z7 + S13 25 Zg Z7 +
; 0] s14 z, 2z 27 +S12 23 Zg Z7 + S13 23 2 Z7 + S14 Z3 Zg Z7 + S23 23 Zg Z7 + S24 23 Zg Z7 + Z1 Zg + Z9 Zg + Z3 Zg —

S12 71 Z3 2g+Z42Zg—S12 21 24 23 —S13 21 24 2Zg —S23 271 24 Zg — S23 Zy Z4 Zg + Zs Zg — S14 25 Z5 Zg —
- % S12 z3 Z5 2g — S14 73 Z5 Zg — S24 Z3 Z5 Zg + Zg Zg — S12 23 Zg Zg — S12 Z4 Zg Zg — S13 Z4 Zg Zg — S23 Z4 Zg Zg
~~\i

numeric parameler easy
symbolic parameter difficult



Remarks on the remaining lhinear system

We still need to solve a linear system for |1BP,
even 1f 1t 1s much smaller then that from Laporta Algorithm ...

1. Fraction-free row reduction (Bareiss, Sasaki-Murao) ?
2. Finite-field reconstruction ?

A Groebner basis division algorithm on Weyl algebra WeR— R

iaj(z)gZGj - 8(z)G =0 0= (ﬁ/dzl-> i@cgz(jz) | 12)5(2)

j=1 i=1 j=1
0, D .
— . a;(z) + =8(2) R—R/(Jel) IBP reduction
aZj / 2
Weyl algebra element division via Groebner basis?

Consider the right ideal J generated by these elements It successtul, it will be much more

Stafford theorem efficient than hinear algebra methods.



Integrability

In classical/quantum physics, some systems can be solved by
using symmeltries (Invariants)



Integrability

Bethe Ansatz for spins chains

L S .
u; +1/2 :Huj—uk—z i—19..5
w; — 1/2 Wi —up 44’ e

k#3j
ﬁuj—l—z/Z 1
P Ui — 1/2

u;'s are Bethe roots. Bethe Ansatz equations are symmetric under the per-
mutations of u;’s.

N, sets of Bethe roots, ul®’s, i = 1,...N,.

) WL+ N —1
" = 5 5 e ey

Symmetric function in u;’s

“Structure constant”




Integrability

Bethe Ansatz computation via Groebner basis Yunfeng Jiang, YZ,
to appear Sep. 2017

N, sets of Bethe roots, ul®’s, i = 1,... N,.

. . {3}
- LI+ N)(L+ N —1) () A(u®)? flut) _ —1
(C ~ _Z N+l) (VAL * (1_ ’72 B(Q))z ) Zg(u{i}) tr <MfMg )
g(u)

Companion matrices

When L =4, § =4, =2, N = 1, the Grobner basis method determines

that T
(*>° — _—
63

WITHOUT finding Bethe roots explicitly.

Efficient way to determine number of solutions?



{

Integrability

Bethe Ansatz computation via

Groebner basis

When § > 4 the Groebner computation 1s slow with slimgb or std in Sin-

oular 4.1.0

Using symmetry

Ui~ U2~ U3+ 4 U3 Uz U3 — Us+ 4 Uy Uz Us+ 4 Uy Us Ua+ 4 Uz Us Ua,
41 u; - 41 us+20Uf Uz 4 20 Uy UZ - 41 Us + 20 UF Us + 20 U2 Uz + 20 Uy U3«

20 Uz U3 -~ 41 Uq + 20 UF Us + 20 U3 Ua + 20 U3 U4 + 20 Uz UZ ¢ 20 Uz UF + 20 us U3,

199 Uy + 100 U ~ 199 Uz + 100 uZ ~ 199 us + 100 u -~ 199 us + 100 u3,

5uU? 10Uy Uz« 5uU3 - 36 Uy Us - 36 Uz Uz~ 41 U3+ 20 u? U3+ 20 U3 UZ + 20 Uy U + 20 Uz ud -~ 46 u; ua

46 Uz Ua — 92 Us Ua + 20 U3 Us Ua + 20 U2 Us Ua + 20 Uy U3 Ua + 20 Uz U3 Ua + 20 U3 Us — 51 U3 +

260 U2 U3 + 40 Uy Uz U3 + 20 U2 U3 + 66 Uy Us U3 + 60 Uz Us U3 + 40 U3 U3 +« 20 Uy U3 +« 20 us U3 + 20 us ul,
775 + 2040 U2 — 142 u; us ~ 5682 U3 + 1800 U2 — 142 U, Uz — 7864 us U5 + 1800 u us

5682 U2 + 1800 U3 U3 + 1800 us U + 1800 Ul ~ 392 Uy Us — 8114 Uz Us + 1800 LS U4

8114 Us Us + 1800 U3 Us U4 + 1800 Uz U3 Us + 1800 U us — 5932 U3 + 1000 Uy us U3 +

1800 U3 U3 + 1000 U, Us U + 2800 Uz U3 U3 + 1800 U3 U3 + 1800 uz ui + 1800 us ui + 1800 ul,
~155 + 510 uf - 508 u; u> ~ 318 U3 + 360 U, U - 508 U, us — 1336 us Us + 360 u us —

318 uZ + 360 UZ U + 360 U, U + 360 U UZ -~ 638 U, Us — 1466 Uz U4 + 360 U3 U,

1466 Us Ua + 360 U3 Us U4 + 360 Us U3 Ua + 360 U Us — 448 UZ + 520 Uy Uz UZ +

360 u2 uZ + 520 U, us U + 880 us us U + 360 ul u? + 360 u, u + 360 us ul + 360 us ul,

Bu; Bus Bus BuUs 2007 Us A0 Uz Uz Us + 20 U2 Ua + 40 U; Us Ua + 40 Us Us Ua

20 U3 U4~ 184 u; U — 184 Uz U3 — 184 us U3 — 204 u3 + 80 u? u? + 160 u; us ui o

80 L2 L2 + 160 Uz Us U + 160 us us U ¢+ 80 U3 LI + 80 Uz ud + 80 us ud + 80 us ul,

2231 u; - 2231 us - 681 Us + 4080 U3 Us + 4080 U3 Us — 284 u; U3 — 284 us u3

11364 U3 + 3600 US — 681 U, + 4080 UZ U, + 40806 U2 Us — 784 Uy Us Us — 784 Uz Us Ua

12148 U3 us + 3600 U2 U4 — 284 Uy U3 — 284 Uz U3 — 12 148 us U3 + 2000 u; u3 u3 +

2000 uz u3 u3 + 3600 u3 uZ -~ 11364 u3i + 3600 U3 ui + 3600 us Ul + 3600 uj,
L 172Uy - 172 Uz - 327 us + 510 UZ Us + 510 U3 Us — 598 U, UZ -~ 598 Us UZ -~ 408 Ul + 360 u, ul +

360 Uz U~ 327 U4 + 510 U U4 + 510 U3 U4 ~ 548 Uy Us Us — 548 Uz Us Us — 956 U3 U4 + 360 Uy LT ua +

360 Uz U us + 360 Ud Uy — 598 Uy U - 598 Uz U - 956 Us U3 + 160 Uy U3 U + 160 us u3 U3 +

360 ui uj - 408 ui + 360 Uy us UZ + 360 Uz us Ui + 360 uZ ui + 360 U, Ul + 360 us Ul + 360 us ul,
Sui+5uUs+ 10U U+ 10U + 5us — 82 ud us + 10 Uy U3 — 82 Uz U3 + 40 L2 u + 10 U +

40 U2 U2+ B us - 1O Uy Uz Usa — 92 U2 Ua — 10 Uy Us Us — 204 Uz Us Us + 40 U2 Us Us — 92 U2 us +

8O UZ UZ U4+ A0 Uz U U4 + 20 Uy UZ - 82 Uz U3 + 40 Uy UZ U3 + 40 u2 uZ - 82 us uZ + 126 u2 us ui +

40 u; UZ UZ + 120 us U3 U + 40 U2 U3 + 20 U — 40 u; us UZ + 40 U3 UZ — 40 Uy us u + 40 u3 uZ,
15 U2 + 3@ Uy Uz + 15 U2 4 3O Uy Us + 3O U Us + 15 U2 - 919 U; U, -~ 919 Uz U, — 919 us us

934 uZ + 1020 U2 U2 + 2040 u; Uz U3 + 1020 U2 U + 2040 U, Us UZ 4+ 20406 us us U3 + 1020 u3 u?

696 Uy UZ -~ 696 Uy UZ -~ 696 us UZ ~ 1716 U2 + 400 U, U + 400 Uz LS + 400 us U + 400 u§,

254 60 UZ + 145 Uy Uz + 60 U2 + 145 Uy Us + 145 Uz Us + 60 U3 — 3876 Uy Us — 3876 Uz Us — 3876 Us Us

2411 U2 + 4080 UZ U3 + 71606 U, Uz U + 4080 U2 U3 + 7160 U, Us U + 7160 Uz Us U3 + 40860 U3 u3

784 Uy Ui - 784 uz ul - T84 usz ujl - 11864 Ul + 2000 U; Uz U + 2000 U; U3z U + 2000 Uz Uz U + 3600 u§,
L 25.60uU2 7O Uy Us 15 U3+ 7O Uy Us — 5 Uz Us — 15 U3~ 2426 Uy Us — 2501 Us Us + 500 U, U3 U4 +

500 uZ us — 2501 Us Us + 1000 U3 Us Us + 500 U, U3 Us + 1000 Uz U3 Us + 500 u us — 961 u3 +

4080 uf U + 1560 Uy Uz U — 520 U3 U3 + 1560 Uy us U3 — 3040 us Us U - 520 U3 Ui + 216 U, ui -

4884 us U + 2000 Uy U3 U + 2000 U2 uF — 4884 us U + 4000 U3 us U + 2000 u; u3 ui +

4000 us U3 ul + 2000 ul Ul — 10 864 Ul + 2000 u3 Ul + 2000 us us ud + 2000 u3 ul + 3600 ug,
100 + 5460 uZ ~ 4155 Uy Uz — 9515 uZ -~ 3030 U, Us — 25755 Uz Us + 25 500 u us — 8390 u3

29900 U2 U2 + 4500 U, U2 — 159006 us U2 + 4500 Ul + 18 OO U2 Ul + 48 884 U, U4 + 26 159 Uz U4 +

25500 U2 U4 + 27 284 Us Ua — 1900 U2 Us U, — 47 800 U2 U3 Us — 15900 U2 U, + 18 0 u2 u3 us +

18000 us U U4 + 29574 U -~ 36 720 LI UZ -~ 127 340 U, Uz U3 — 66 620 U3 UZ ~ 122 840 U, us Ul

170646 us Us U3 — 108 0206 u3 U3 + 8006 U3 U2 U3 + 18 OO U, U3 U3 + 36 OO us ul U3 -

18006 U3 U3 + 7056 Uy uZ ~ 13344 Uz ui - 8844 us U + 18 OO0 U2 us U + 18 OO Uz u3 U

18000 U U + 106 776 Ui + 18 OO L3 U + 18 OGO U5 Us LT + 18 0O U3 Ul — 32 400 ug,

231 Uy - 231 Uz + 156 Uy U2 + 156 U2 — 231 Us + 300 U2 Us + 156 Uy U3 + 300 us U3 + 1560 ul

181 us + 4320 U Us — 90O Uy Uz U — 4870 U3 Us — 90O U; Uz U, — 1O 09O U U3 Us — 4870 U3 Ug —

3516 Uy UZ — 12856 Us UZ + 10200 U, U2 UZ + 10200 U2 uZ — 12 856 Uz U3 + 20 400 U2 us U3 +

10200 u; U2 U2 + 20400 us U3 U3 + 10200 u3 U3 -~ 10886 ui ~ 25360 u, Uz U — 6960 U3 u3

25360 u; Us U - 32320 Uz Us U — 6960 U3 UZ + 9728 Uy UG — 7432 U Ul - 7432 us uj +

23728 uf + 4000 U3 U + 4000 us U3 U + 4000 U3 U + 4000 us U + 4000 us u§ — 7200 ui,
757 Ui+ 757 Uz + 657 Us + 240 U Us + 240 U3 Us + 580 Uy U3 + 580 Uz U3 + 240 U + 657 ua — 3840 UT Ua —

8160 Uy Us U4 — 3840 U3 Us — 23 664 Uy Us Us — 23 664 Uz Us Us — 19 344 U3 s + 29 192 u; U3 +

29192 us U3 + 19548 us U3 + 16 320 U us U3 + 16 320 u3 us U + 28 640 U, U3 U3 + 28 640 us u3 UZ +

1632002 u3 + 39132 ul 32640 u, us Ul -~ 35776 Uy us Ul ~ 35776 U us Ul — 3136 u ul -~ 17456 u, ud
64912 us U + 8000 u; U3 UT + 8OO U, U3 UT - 45456 Uf + 14 400 us u§ + 14 400 ul,
160 Uy U2 -~ 135 u2 - 55 us — 295 U2 us — 160 U, U3 — 295 Uz U3 -~ 135 ul - 80 U, -~ 2160 U Ua +
4396 U Uz Ua + 6236 U3 U + 4396 U Us Ua + 12 792 Us Us Ua + 6236 U3 Ua — 4800 Uy U3 + 2206 Uy U3
7680 u; Uz u3 - 8680 U3 U3 + 2206 us U3 - 16360 u3 us u3 - 7680 u; U3 U3 - 16 360 us u3 U3 - 8680 ul u2

336 U3 U3 + 15344 Uy ud o

17456 us ud
80 uy - 55 us

2640 U + 15024 Uy Uz U2 -~ 336 U3 U3 + 15024 Uy us U + 14 688 Uz us ud
2000 Uz ui + 15344 us ui + 2000 U3 us ul + 2000 us u3 ui + 2000 u3 ul - 5600 us u§ - 5600 us ug,
S3uU;-3Us-3uz-12uU;uUZ-120Us03 - 1203 - 3 Us+ 212 Uy Uz Us + 212 Uz Uz Us + 200 U3 Us + 80 Uy U Us +

80 uzuius +80udus - 12u; U3 - 12uzu + 200 usz ui - 816 u; uiui - 816 uz uiui - 736 ui ui - 12 u3 +
80 Uy Uz U + 80 Uz us UF — 736 U3 uF + 320 Uy uf uF + 320 uz uf uF + 320 ud ui + 80 us ul + 320 ui ul,
85Uy + 35Uz + 170 Uy U3 + 120 ud + 35 us + 140 UZ us + 170 Uy U3 + 140 us U3 + 120 ud + 85 us +
1920 U us — 3852 Uy Uz U4 — 5582 U3 U4~ 3852 Uy Us Us — 11504 Uz Us Us + 1000 U us us —
— 2472 us U + 5160 u; u3 U3 + 8160 u uj —

5582 U3 U4 + 2000 U3 U3 U4 + 1000 Uz uZ U4 + 2100 Uy U3
U3 + 8160 U U3 + 180 U3 — 688 Uy Uz U3 —

2472 us U3 + 4120 U3 us U3 + 5160 Uy u3 uj + 4120 uz u3
568 uZ ul - 688 us us U — 11456 Uz us U3 + 4000 U3 us U3 — 568 u3 L3 + 8000 u3 u3 ui +
4000 uz U3 U3 - 22 728 Uz U} — 22 728 Uz U + 4000 U2 us U + 4000 uz U3 Ui + 7200 uz u§ + 7200 us uf,
1119375+ 1182480 u? + 2004960 Uy Uz + 1 182480 U3 + 2 004 960 U; Us + 2 004 960 Uz Uz +
140983488 u3 + 80216 640 u? u3

1182480 u3 - 72611008 U, Us ~- 72611 008 Uy Us ~ 72611 OO8 us U,
170513280 u; Uz U3 + 80216640 U3 uf + 170513 280 u, us uf + 170513 280 us us u + 80 216 640 u3 uj
46665472 U, U - 46665472 Uy U -~ 46 665472 us uj + 215697 888 ul - 332 640 000 u§ + 90 720 0O uf,

44775 - 136560 ui - 287520 u; Uz -~ 136560 U3 -~ 422 844 U; Uz — 422 844 Uz us — 271 884 u 4
756600 Uy U + 75600 Uy UZ + 75600 US + 8111276 Uy Us + 8111276 Us Us + 8 OOL 152 Us Ua +
21772860 U2 Us Us + 2177 280 U2 Us Us — 378000 U, U3 s — 378 OO0 U2 U3 U — 2 454 480 U3 Ua +
5585436 U3 - 7116480 uf U3 - 18184320 Uy Uz U3 ~ 7116480 u3 U3 — 21241 584 u; us U3 —

21241584 Uz us U3 - 14881104 U3 U + 5140 800 U, Ui U3 + 5140 800 Uz ui U3 + 5140 800 ul uj +
411824 U, Ui + 411824 Uz U3 - 6359920 us U -~ 7 640 640 Uy U U3 — 7 640 640 us u3 ui -
3507840 u3 Ui + 19694304 U3 + 4902912 Uy Us UZ + 4902912 us us ul —- 3745728 uz ul +
11958912 us uf + 2016000 U Ui - 6249 600 uf + 2016 0O u3 uf - 3628 800 us uj,

— 44775+ 151680 uf + 317 760 U, Uz + 151 680 U3 + 277 440 U, Us + 277 440 us Us + 136 560 u3 —
161280 u; U - 161280 uz ui -~ 136080 uf - 8115056 Uy Us ~ 8115056 Uz Us — 8 155376 Us Ua —
2177280 uf Us us - 2177280 u Us Us + 4269 888 U, U3 UL + 4269 888 Uy U3 Us + 6285888 U3 ua
5604336 u3+ 7176960 uf u3 + 18305280 u; Uz U3 + 7176960 u3 U3 + 15402 240 u; us U3 +
15402240 uz us U3 + 11335968 u3 ui 7741440 u; u3 u3 - 7741440 uz ui uj - 8749440 ujl u3
426944 u; U - 426944 Uz LUZ - 1152704 us U + 7402752 Uy ud U3 + 7402 752 us u3 ui
338688 u3 ui - 19769904 Ui + 15466 752 u3 Ul + 2016 000 Ul Ul + 6249 600 U - 5644 800 u3 uf,

5725 - 12240 u? - 28080 Uy Us ~ 10115 U3 -~ 28 080 Uy Us — 28 455 Uz Us + 6000 U3 us
10115 U2 + 14 500 uZ U3 + 6000 Uz U3 +« 790 704 Uy Us + 790 329 U Ua + 6000 U2 us +
790 329 Uz U4 — 381 600 U2 U3 U, — 381 600 Uz UZ U,y + 6OOO U3 U, + 453 719 U3 — 832 320 u? U3 —
1352640 Uy Uz U — 1142920 U3 u3 — 1352 640 Uy Uz Ui — 1904 340 Uz usz U3 + 408 OO0 u3 us U3z —
1142920 u3 U3 + 716 OO0 u3 U3 U3 + 408 OO0 Uz U2 U + 159 936 Uy U3 — 4164 us Ui +
408 00O U3 UZ — 4164 us U3 + 329600 U3 us U3 + 329 600 us U2 U3 + 408 OO0 U2 U3 + 2 595256 ud —
28400 U3 U ~ 1214800 uz Uz U — 28 400 u3 ui + 200 000 u3 U3 Ul — 1136 400 uz uj -
1136400 us uf — 824 400 U + 360 OO0 Uz Uz U + 360 OO0 Uz Uj + 360 000 us uj,
~ 1775+ 3960 uf + 9320 Uy Uz + 3585 U3 + 9745 Uz Uz + 9370 Uz Uz + 3510 U3 — 1500 u3 uj +
1700 Uy U2 + 200 Uz U + 1200 ud ~ 259 021 U U4 — 259 396 Uz U4 — 258 971 U Ua +
19200 u? us Us + 45 70O U2 Uz Ua — 36 820 Uz U3 Us ~ 11820 Uz U3 U, — 55820 u3 ua +
10000 u3 U us + 10000 us U3 U, — 154 706 U3 + 288 480 U3 U3 + 438 560 U, Us U3 + 286 980 u3 u3 -
446660 Uy Us U + 471660 us us U + 249 360 uZ U3 - 102 000 u3 u3 u3 + 51 600 u; u3 uj
40400 Uz U2 uZ + 81600 U3 UZ - 21364 Uy U - 22864 us Ul -~ 33964 us U + 10 000 u3 us uj -
44720 u;y Uz U - 47280 Uz U2 U3 - 5680 U U3 + 40 000 U3 ul u + 40 000 us ul ui
806844 Ul + 10 000 Uz Uz U — 227 280 U3 uZ + 40 OO Uz uZ U} + 255600 uf§ + 72 000 u3 uf}

Groebner basis m uy, uy, usz, uy

Example L=4,5=4

S1-4S3, -353+80S3S4, -47-1965, + 768 5, +5184 5, 54+ 16128 52,
~11-2325s,+1728s3-107525,+16128s2, -14s3+5s; s3,
371-1424 s, + 1296 s2 - 184800 s, + 274176 s2,

~10957 - 464 5, + 2764176 54 - 68914944 s2 + 104509440 s3,

~4S3+U;+Uy+U3z+Usy S)—4S3Up+U5-4S3U3+UsyUsz+U3—-4S3Us+UsyUg+UsUg+ U7,

much simpler...

—S3+52U3—453U§+U§+S2U4—4S3U3U4+U§U4—4S3U421+U3U421+U2, S4—S3U4+52U421—453U431+U2

Groebner basis in uy, up, us, us and auxihary variables s1, 55, 53,54. 5; equals
the degree-i symmetric polynomial of u’s.

An efficient Groebner basis algorithm for
symmetric 1deals 1s needed

will try “symodstd_lib” in Singular soon



IFast Groebner basis computation needed ...

comparing with Faugere’s FGb package, over Z/9001, on a laptop

Slimgb FGb
1.=7,5=-3 ~0 secs ~0 secs
1.=8, S5=4 ~D secs ~0) secs
[.=9, S=4 ~183 secs ~D secs
L=10, S=5 ? >8h ~209 secs
=12, 5=5 ? =8h ~830 secs
L.=12, S=6 ? >8h crashed

sba, mathiegb to be tested ...



Summary

® Algebraic geometry approach for theoretical physies frontier problems
scattering amphitudes
integrability
® Singular is very powerful, and important for our research

® more etficient intersect, syz, shimgb and symmetric ideal tools are very usetul



