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Exercise 39 Cowvariant Derivative.

Use the definition of the covariant derivative V) to express the the connection coefficients,
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in terms of the connection coefficients I'!’ in the un-primed coordinate system.
Consider the commutator of covariant derivatives

[Di, Dj]f (), (2)

acting on functions f(z) and show that it is proportional to the torsion tensor.
Consider the action of the covariant derivative on a rank (2,0) tensor and derive the
action of the derivative on the components DT,

T=T"0;,®09;, VT = (DT)0;®0;. (3)

Exercise 40 Curvature Tensor.

Show the following symmetry properties of the Riemann tensor,

Raﬁ,uz/ = _Rﬁauv = _Raﬁuu = R,ul/aﬁ ; (4)
Raﬁuy + Rauuﬁ + Roa/ﬁu =0. (5)

It is best to work in a locally inertial coordinate system. Argue why the symmetry pro-
perties hold in a general coordinate system. How many independent components does the
Riemann tensor have in D dimensions. (It is OK to consult the literature for the counting
argument. )

Exercise 41 Implications of the Bianchi Identity.

Given a metric compatible torsion free connection. Show that the covariant derivative of
the tensor dz'0; := Y, dz' ® J; vanishes,

Vi (dx' ®0;) =0, (6)
Give the components of the tensor and show the same statement using component notation,
DT ;.
Show that the covariant derivative of the inverse metric vanishes,

Dig* =0. (7)

To this end use the definition of the inverse metric g;;¢’% = oF.
Start from the Bianchi identity,

D;R™ 1 + D;R™ 1; + Dy R™ 1;; = 0, (8)



and derive that the divergence of the Einstein tensor vanishes,
. . 1 ..
D;GY = D;(R” — 5g”R) =0. (9)
Consider the extension of the Einstein tensor by including the dark-energy term,
(RY — g"R+ Ag”), (10)

starting with an arbitrary function A. Under what conditions does the divergence of this
tensor vanish?



