Ubungen ART II SoSe 2015

Exercise 9 Transverse-traceless projection of gravitational waves

A plane gravitational wave in harmonic gauge, h*”(x), with wave-vector k* = k(1,n?)
can be projected on the transverse-traceless components according to
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with the projector
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Aij (i) = PPy — §Pz'jpkl ; with Py = ;5 — nin;.
In this exercise, upper and lower space-like indices ¢ are not distinguished.
a) Verify that the A;;;; indeed form a projector, i.e.
Aij,k:lAk‘l,mn = Aij,mn

b) Verify that the projected gravitational wave is indeed in the transverse-traceless
gauge, i.e. it satisfies

rET =0, kihlm =0

c) The gravitational wave amplitude in the quadrupole approximation is given by
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with & = r7i. For a gravitational wave propagating along the z-direction, 7 = (0,0, 1),
hi(tr) = (hy(t,7)ei 4 ha (t,7)€i4)

with the polarization tensors
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show that the amplitudes of the two polarizations are given by
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Exercise 10 Production of gravitational waves

a) Consider two non-relativistic point masses m; and ms at the locations Z(¢) and
To(t). Show that the quadrupole tensor

. 1
Qi(t) = /dsiﬂ p(t, 7) (-fﬂixj - g%’fz) :
where p is the mass density, can be written in the form
1. = 1
Qi = M(XiX; = 36, X%) + p(wiw; — 20,7°)

with the centre of mass and relative coordinates, X = (Mm@ +mads)/(mq +ms) and
I = X1 — 9, respectively. The total and reduced mass are defined by M = m; + mo
and p = myms/(my + my).

b) Compute the quadrupole tensor for two point masses oscillating along the z-axis with
the relative coordinates Z(t) = (L 4 a coswt,0,0) and the centre-of-mass coordinate

—

X = 0. Use Eq. (1) in exercise 9 to compute the components of the gravitational
wave along the z-axis.

¢) Repeat part b) for two point masses on a circular orbit in the x — y plane with the
relative coordinates Z(t) = (Rsinwt, Rcoswt,0) and the centre-of-mass coordinate

—

X =0.

Exercise 11  Energy-momentum tensor
Consider the action for the free electromagnetic field (F),, = 0,4, — 9,4,).
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a) Compute the canonical energy-momentum tensor of the electromagnetic field
o oL
can 00, A,

in Minkowski space, g"* = nt”.

QA + gL

b) Compute the symmetric energy-momentum tensor according to the definition
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and let g — n*" subsequently. Recall the relations
0/—g = % V=99" 69, 09" = —g""g""0gp -
c) Show that the difference of the results of part a) and b) can be written in the form
i — Than = 0,57 with TP = Yk

if the field equation 0,F*"" = 0 is satisfied.



